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Problem 1.

(1) Consider the curve C' on the zy-plane given by the parametric equations
=23t y=23 t>0.

Express the curve as a polar curve r = f(60).
(2) Let

z2, x € [0,1],

Compute /2 f(z)dz.

0
(3) For the power series

n=1
determine its interval of convergence.
(4) Calculate the limit

1/n _
o, P2 L)

n—00 Inn

(5) Calculate the limit

lim Inx
x—0 1 — 1

Solution.
(1) From the parametric equations, we have

y 22 2
tang = & = 22
P YR L

sot = 3tan6 (since ¢ > 0 implies 6 € [0,7/2)). Next,
r? =22 4yt = (3t%)% + (263)? = 9t* + 445 = t4(9 + 41?).

2



Hence

3 2 3 2
r =1V + 42 = <§tan9> \/9 +4(§tan6’> :
We simplify inside the square root: 4(3 tanf)? = 9tan?6, so 9 + 9tan®f =
9(1 + tan? #) = 9sec? §. Thus

9 9 27
r= Z—ltan29‘v98ec2 = Ztan26-3lse(:9] = ZtaHZQSeCQ.

Since 0 € [0,7/2), secf > 0. Therefore the polar equation is

27
r = — tan? 6 sec .

(2) We split the integral according to the definition of f(z):

/:f(x)dx:/01x2dx+/12(2—x)dx.

Compute each part:

/01 2% dr = {%T: = %, /12(2—x) dx = [29& — ‘%2}? — (4-2)—(2-1) = 2_;

Adding them gives 3 + 3 = 2

6.
(3) The power series is Y~ (—1)"2"/n. The radius of convergence R is

found by the ratio test:

_1 n+1,.n+1 1
lim (=)™ 2™ /(n + 1) = lim |z|- S |
n—00 (=1)man/n n—00 n+1

Thus R = 1, so the series converges for |z| < 1. We must check the endpoints
r=1and xr = —1.

- At z = 1, the series becomes Y, (—1)"/n, which converges (it is the

alternating harmonic series, summing to —In2). - At x = —1, it becomes
Yo (=D)™(=1)"/n =73 1/n, which diverges (harmonic series).

Therefore the interval of convergence is (—1, 1].



(4) We consider n'/™ = em™/*  For large n,

1/n Inn Inn
n :1+—+0(—>.

n n
Hence
n(n'" —1)~n- nn _ Inn
Thus
lim n(nt/ — 1) =1.
n—00 Inn

A more formal justification uses L’Hopital’s rule or series expansion of the
exponential as above.

(5) Rewrite x = ™" with t — +o00. Then as z — 07, Inx = —¢, and

1 1,

- = —— —e

Inz t

Alsoxr—1=e?t—1— —1. So

1 1 —t

i . —t—e
lim 1oz = lim —*——.
z—=0 x — 1 t—oo et — 1

As t — oo, the numerator — 0 and the denominator — —1. Therefore the

limit is 0.



Problem 2.
Let Sy be the largest sphere in space passing through the point Py(—5, —1,6)

such that every point (z,y, ) inside Sy satisfies
2® + y? + 2% < 136 + 2(z + 2y + 32).

Find an equation of Sj.

Solution.

First rewrite the given inequality in a more standard form. We have
224?427 <136 4+2(x+2y+32) = 2?—2+y’—4y+2°—62 < 136.
Complete the squares for each variable:

(22 =22+ 1)+ (> —dy +4)+ (22 —624+9) <136 + (1 +4+9).

That is
(x—1)*+ (y—2)* + (2 — 3)® < 136 + 14 = 150.

Thus the region described is the interior of the sphere with center O = (1,2, 3)
and radius v/150.

We seek the largest sphere Sy that passes through Py = (=5, —1,6) and is
contained in (or tangent to) this sphere. If Sy has center C' and radius r, then
C' must lie inside or on the larger sphere, and C' must satisfy ||C — Py|| = r.
For Sy to be maximal while lying inside the sphere centered at O of radius
V150, Sy will be tangent internally to the larger sphere. Hence the distance
from C to O plus r equals V/150. That is:

|C — O|| + r = V150, |IC — Pyl =



Geometrically, the point C' must lie on the line through O and F,. We can
solve as follows: Let d = ||y — O||. Here Py — O = (—6,—3,3), so

d=+/(—6)2+(-3)> + 3% = V54 = 3V6.
Parameterize C' on the line from O in the direction of Py: C'= O +t(FPy—O)
for some ¢. Then

IC =0l =ltld, |[[C=FRl =1—td

Since C' lies between O and Fy, t will be between 0 and 1. The two conditions

become
lt|d+ 1|1 —t|d=d = V150,
and |1 — t|d = r. Actually, for Sy tangent to the big sphere, we need ||C' —
Ol + r = +/150. Using |C — O|| = [t|d and r = |1 — t|d, this equation is
[t|ld + |1 — t|d = V' 150.

Since d = /54, we solve [t| + [1 — t| = V/150/v/54 = /222 = /2 = 3 For
0<t<1,thisist+ (1 —t) =1, which is less than 5/3. Thus C' must lie on

the extension beyond O away from F,, meaning t < 0. Set t = —% (since by

direct calculation one finds ¢ = —1/3 to satisfy the equation). Then
1
C=0+(=3)(=6.-3,3) = (1,2,3) + (2,1,-1) = (3,3,2).

We check r = ||C—Fy||. Then C—Fy = (3—(—5),3—(—1),2—6) = (8,4, —4),

SO

r=4/8+42 + (—4)2 = V96 = 4V6.
Also |C = O = [1(3,3,2) — (1,2,3)]| = /22 + 124 (—1)2 = V6. Indeed
V6 4+ 46 = 5v6 = /150, so S, is tangent as required.
Thus the equation of Sy (the sphere with center C' = (3,3,2) and radius

V/96) is

(x—3)*+ (y—3)*+ (2 —2)* = 96.



Problem 3.
Assume f(x) is integrable on R.

(1) Prove that for any real a,

/Oaf(a:)dx:/oaf(a—x)dx.

(2) Compute the integral
T zsinz
—d
/0 1+ costa ©

Solution.
(1) This is a standard symmetry argument. Let I = [ f(a — ) dz. Perform
the substitution © = @ — x. Then du = —dz, and when z = 0, © = a; when

r=a, u=0. Thus

I— /: fla—z)de = /:0 Fu)(—du) = /Z F(u) du = /0 f(z) da.

This proves the desired equality of integrals.

(2) Let
T xsinz
- [
o 14 cos?z
We use the substitution 2 = 7 — x. Observe that sin(r — z) = sinz and

2

cos(m —x) = —cosx, so 1 + cos?(m — x) = 1 + cos®*z. Also when z = 0,

2’ = m; when x = 7, ' = 0. Hence
T (m—a)sina’ T (r—ax)sinz
I'= | Treoss @ = | Tress @
o l+cos*x o 1l+cos*x

where in the last equality we renamed 2’ back to z. Now add the two ex-

pressions for I:

2]:/”(:15'—1—(7r—9v))sinal:d$:/7r msinx d:v:w/w sin x .
0 1+ cos?x o l+cos?x o l+4cos?x
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To evaluate the remaining integral, use the substitution v = cosx, du =

—sinxdr. As x runs from 0 to 7, u runs from 1 to —1. Thus

/’T sin x /“_1 —du /1 du
——dx = —_— =
o l+cos?x w1 1+ u? 14w

Hence

T 7
2l =7 — = —
Ty Ty
and so
=
4

[arctan(u)]", = arctan(1)—arctan(—1)

4_(



Problem 4.
Suppose that F: R? — R? is given by

F(z,y,2) = (M(x,y,2), N(z,y, 2), P(z,y, 2)),

where M, N, P are homogeneous polynomials of the same degree k.
(1) Prove that for each component, Euler’s homogeneous function relation

holds. For example, show that

oM oM oM
o +y8y +282 =kM(z,y,z).

T

(2) Suppose furthermore that V x F' = 0 (the curl of F' is the zero vector).
Show that F is conservative by explicitly constructing a function f : R — R

such that Vf = F.

Solution.

(1) If M(z,y,2) is a homogeneous polynomial of degree k, it means that
MMz, My, \z) = N¥*M(z,y, z) for all \. Differentiating both sides with re-
spect to A and then setting A = 1 gives

d d

“(m = (Mg, 2)|

AMO )| = F (M @),
The left side, by the chain rule, is

M M M
xaa—x()\x, Ay, \z) + yaa—y()\:z:, Ay, \z) + zaa—z()\x, Ay, Az) ,

A=1

which becomes x M, +yM,+2zM, at A = 1. The right side is kA* "1 M (z, y, 2) ‘)\:1 =
kM (x,y, z). Equating them yields the desired identity

eMy +yM, + zM, = kM (x,y, 2).

A similar argument applies to N and P since they are also homogeneous of

degree k.



(2) If V x F = 0, the field F' is locally (and in this case globally) con-
servative. We seek a scalar potential f with Vf = (M, N, P). A convenient

approach is to use Euler’s identity. Consider the function

eM(x,y,z) + yN(z,y,2) + 2P(z,y, 2)

flz,y, 2) = E 1 :

We will show that 0f/0x = M, and similarly for y and z. Compute

af 1
== |M+zx2M, +yN, + 2P|,
5e =TT M My 2

where subscripts denote partial derivatives. Because F' is curl-free, we have

Ny = M,, P, = M., etc. Hence
aM, +yNy + 2P, = x M, +yM, + zM, = kM,

by the result of part (1) applied to M. Therefore

of 1 B
%—k—H[M%—kM} = M.

By symmetry (or repeating the argument cyclically), one finds 0f/dy = N
and 0f/0z = P. Thus Vf = F, as required. This construction shows F is

conservative.
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Problem 5.
Solve the following differential equations:
d k_
(1) 2 ny’ where k,n € Z.
dx x

(2) (82%y — day® — 2y°)dr — (42° — 42’y — 29®) dy = 0, with initial

condition y(1) = 2.

Solution.

(1) The equation can be written as

This is a first-order linear ODE. The integrating factor is u(x) = ™. Multiply

through by x™:
ndy n—1 n+kfy

T — +nx =
dx 4

The left side is < (z"y). Thus

d
%(ﬁny) =7

n+k—1

Integrate both sides:

+k—1 gt
Ty /fx v n‘Fk-+

for n + k # 0. Hence

Ik

= + Cx™™.
Y n+k

If n+k = 0, say k = —n, one integrates - (z"y) = 2" to get 2"y = In |z|+C,

n

soy=a "ln|x|+ Cz™™.
(2) Rewrite the differential form:

(82%y — dwy* — 29°) dw — (42 — 42*y — xy®) dy = 0.
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This is a homogeneous equation (all terms are of degree 3). Use the sub-
stitution y = vx. Then dy = vdx + xdv. Substitute into the equation.

Alternatively, one can check it is an exact differential after division or find

an integrating factor. Here we try y = vx: First express 32 = v + z3”. The

differential equation becomes:

dy _

82°(vz) — da(vz)?® — 2(ve)® — (42® — 42 (vz) — z(ve)?) 0

0.

Instead of doing that, a simpler approach is to treat it as a homogeneous

first-order ODE:

dy /i = 8x?y — dxy? — 23

43 — dx2y — xy?
Substitute y = vz, then dy/dx = v + xdv/dx. The right-hand side becomes
8z%(vz) — dx(vz)? — 2(vz)®  20(4a® — 2270 — 20?)
4a3 — 422 (vx) — x(vz)?  w(42? — dov — 021)

Simplify by canceling a factor of x:

dy  2v(4—2v—12v?)
dr  4—4v—?

Thus

N dv  2v(4—2v—1v?)
v+ r— =
dx 4 — 4y —ov?

Rearrange:
dv  20(4 —2v —v?)
Yl T 4 du—o?

Combine terms over a common denominator (4 — 4v — v?):

— .

dv  20(4—2v—v*) —v(d—4v—v?)  8v—4®—20° —dv+ 4?4 07 4o — 03

az% 4 — 4y — 02 4 — 4y — 02 4 — 4y — 2

Separate variables:
4 — 4y —? dx
——dv = —.
4o — v3 x
Simplify the left side by factoring v:

4—dv—0v? d—dv—0v® (Ad—0v?)—4v 4 4v v A —dv—0?

v(d—0v?)  dv—vd  w(d—0?)  v(d—0?) v(d—1?) vd—v2)  v{d—0?)
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Actually, it is easier to decompose directly:

4—dv—0v?  4—dv—0?
v —v3 w4 —?)

Perform partial fraction decomposition:

4—4v—v* A Bv+C
v(4—v?) v 4—0?
We solve 4 — 4v — v? = A(4 — v*) + (Bv + C)v. Setting v = 0 gives 4 = 44,
so A = 1. Expand:

4 —4v —v? = 4A — Av® + Bv? + Cw.

Plug A =1:
4— 4y —0v2=4—0>+ Bv®+ Cw.

Equate coefficients: - For v?: —1 = —1 4 B implies B = 0. - For v: —4 = C.
- Constant: 4 = 4, checks out. Thus

4—4v—0? 1 4 1 1 1

vd—?) v 4—® v 2—v 24v

(using partial fractions on = = 5= + 355)- Therefore,

4 — 4v —v? 1 1 1
/—U Y dv—/ - — dv.
4y — v3 v 2—v 24w

Integrate term by term:

1 1 1
/—dvzln\v|, / dv=—In|2— v, / dv=1In|2+v|.
v 2—w 2+

So the left integral is

v(2 =)

C.
24+ *

Injv| +Inf2—v|—In24+v/+C=In

Hence
9 _
24 v

13



Exponentiating,
9 _
—U( v) =Clu,
240
for some constant C'. Recall v = y/x. Substituting back:

(y/x)(2 —y/x)

2+y/z

=Cu,

multiply both numerator and denominator by x:

y(2z —y)

oCrry) "

So
y(2r —y) = Ca* (22 + ).

This is the general implicit solution. Use the initial condition y(1) = 2: plug
r=1y=2

22:1-2)=C-1*(2:1+2) = 2(0)=C-4 = 0=4C = C=0.

Thus the equation reduces to y(2z — y) = 0. For all x, this implies either
y = 0 or y = 2z. The solution satisfying y(1) = 2 is y = 2.
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Problem 6.
Suppose f > 0 is continuous on R. Show that if
+o0
/ e el f(z)de < 1
for every real t, then for all a < b,

b
/ fo)de < V202

Solution.
We use the given integral inequality at two specific values of ¢.

First, set t = a. Then for any =z,

—(Tr—a
I e ), T > a,
e =

e~ ®) g <a.

The inequality gives

/OO e~la=2l f(z) dx < 1.

—00

Since f(z) > 0, restricting the integration to [a,b] only makes the integral

smaller. In particular,

b 00
/e(““)f(x)d:c < / el () de < 1.

[e.9]

Thus
b
L ::/ e f(x)dr < 1.

Next, set t = b. A similar argument yields

b
I ::/ e~ O f(x)dr < 1.
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Now add these two inequalities:

/b [e*(““) + ef(bfx)}f(x) de < 2.
Meanwhile, observe that for each x € [a, b],
9= (2 — e @0 _ o=(-2)y 4 (o~(-0) 4 o))
Integrate both sides over [a, b] against f(z), which gives

Q/bf(x) dr = /b[2—e_(”&_“)—6_(b—x)]f(m) dx + /b[e_(:‘_“)+6_(b—x)]f(x) dx.

We have already bounded the second integral on the right by 2. For the first

b—zx)

integral, note that 2 — e~(*=%) — ¢=( < 2 always (since the exponential

terms are nonnegative). More precisely, one can show
2 —e @) _ =2 < (p—q)
for all = € [a,b], because 1 — e ™ < u for u > 0. Adding the bounds, we get
b
2/ f(x)de < (b—a)+2.

Hence

A\

b
/ fyar < PAEE

as required.
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