Week 1. Tutorial 1

Week 1

Tutorial
Question Q1
Let C be a curve given by
r=-¢e'cost, y=ce'sint, z=¢€", teR.

(a) Find the unit tangent vector T, the principal normal vector N, and
the curvature x of the curve C for any ¢ € R = (—o00, 00).

(b) Find the arc length L of the part of the curve C' with 0 < ¢ < 1.

(c) Evaluate the integral

/ () x Nt

Solution for Q1

(a) The curve C can be represented by

r(t) = e’ costi+ e'sintj + e'k.
Hence, we have

r'(t) = e'(cost — sint)i+ e’(sint + cost)j + €'k,
Ir'(t)] = \/e2(cost — sint)? + e2(sint + cost)? + 2 = /3¢’
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Thus,

r'(t)  e'(cost —sint), e'(sint + cost), e
== = 1+ J + k
e'(2)] V3et V3et V3et

_cost—sint, sint + cost. 1 K

\/§ 1+ \/§ J+ﬁ

dT sint + cost, cost—sint,

o Ve 1+ 7 Js
‘ ’_\/<_s1nt—|—3cost) +<cost\;§sint)2: g)

dT ]
e sint + cost cost —sint
N=-9_ _ _ s i+ j,

% V2 V2

2| Vi

- ’I" \/get et
(b) The arc length L is given by

— /01 |t/ (t)|dt = \/5/01 eldt = v/3(e — 1).

_ds‘_’

(c)
i j k
_ cost—sint sin t+cos t 1
__sint4cost cost—sint 0
V2 V2
i J ki .
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2w 1 2m
/ T(t) x N(t)dt = —/ {(sint — cost)i — (sint + cost)j + 2k }dt
0 V6 Jo

_4m, _ 2v6my

V6 3




Week 1. Tutorial 3

Question Q2

Examine the existence of the limit lim, )0 f(z,y) and prove your

conclusion.
z2y 1
= 1 )
@ S = (57
z*sin®y
b = —.
( ) f(x>y) 5 + ylo

Solution for Q2

(a) Denote p(x,y) = \/22 + y2. Then |z| < p(z,y).

1
_ 1 ’< In(p)| < p|In(p)].
| f (@, y)] |w|’ FEa n(p) [z]|In(p)| < p|In(p)|
Recall that
lim tlnt =0,
t—0t

and p — 0 as (z,y) — (0,0). Hence

2

: y 1
lim In ( ) =0.
(@y)—00) T2 +y*  \z? + y?
(b) For any k # 0, along the parabola x = ky?, we have

risiny . k%8sin?y

fin 2P g
(x, y)_I};lo 0), $5 + ylo y—0 k5y10 + ylo
= ky
’ k4 siny k4
=lim - =
y=0 k5 +1 92 k> +1°

Y does not exist.

which depends on £. Thus, lim, ) (0,0) i 10
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Let

sin(zy) .
\/W lf({L‘,y) 7é <O70)7
0 if (z,y) = (0,0).

flz,y) =

(a) Find 9£(0,0) and 5£(0,0).

(b) Examine the differentiability of f(z,y) at P(0,0) and prove your
conclusion.

(c) Find the directional derivative of f(x,y) at P(0, 0) along the direction
u = (a, ), where o + 3% = 1.
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Solution for Q3

(@) f(z,0) =0 for all z € R, hence

of

—(0,0) = 0.

20,0
Similarly, f(0,y) = 0 for all y € R, hence

of

—(0,0) =0.

5(0.0)

(b) The function f is not differentiable at P(0,0).
Suppose f is differentiable at P(0, 0), then

f(:v,y) = f<x>y) - f(070) - fx(0,0>$ - fy(0,0)y = O(ﬁ)

as p — 0, where p = \/x? + y2. However, along y = x > 0, we have

. . 2
75 sin(x sin(x 1
lim /( ,y): lim —2(y): lim ( ):—>O,
@9)=00, P @u-=00, 22 +y2 o0t 2x2 2
y=x>0 y=z>0

which is a contradiction. Thus, f is not differentiable at (0, 0).
(c) Note that f(0,0) = 0. Thus, the directional derivative of f(x,y) at
P(0,0) along the direction u = («, 8), where o + 3% = 1, is given by

ﬁ(o, 0) — lim f(OéS, ﬂS) - f(O, 0)
ou s—0t S
= lim ey ) = lim M = af.

s—=0t g4 /(a5)2 -+ (ﬁ5)2 N s—0t 52

Find the radius of convergence and the set of convergence of the given

power series:

ZOO In(n+1) . ZOO sin®n
n=1 n=1
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Solution for q4
> wat,
k=1

(a) Write the series as

where forn > 1,
I+l if k= p2
ap — " ’
0 ifn? <k<(n+1)>%

2
1 1
limsup /|ax| = limsup /|anz| = hm Ve +1) =

2
k—o0 n—o00 n\/ﬁ

This is because

1
lim In("y/In(n + 1)) = lim — Inln(n + 1) = 0,

n—o0 n—o0 N2
1

lim In( /n) = lim — Inn =0,

n—00 n—o0o N

hence
lim /In(n+1)=1, lim Vn=1
n—0o0

n—oo
Thus the radius of convergence

1

lim supy, o, {/{ax|

When x = 1, the series is

. In(n+1
3 (n )7

n=1

which diverges by comparmg with the divergent series >~ | .

When x = —1, since n? is odd if and only if n is odd, so (—1)" = (—1)",
the series is

(e.e]

Z(_l)nln(nn+ 1)7

which is alternating and can be written as

o0

Z(_l)nuna

n=1

where u,, = ln(H") for eachn > 1. Set f(x) = (1”) for z > 0.
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Hence, we have
£ —In(1+ )

_ 14z
f/($> — 72 <0

because In(1 + x) > { for all z > 0. Therefore, f is decreasing, and
up = f(n) > f(n+1) = tnts
for all n > 1. Note that

In(1
lim u, = lim M
n— o0 n— 00 n

=0.

So we can apply the Leibniz Test to conclude that the given series
converges.

Therefore the set of convergence is [—1, 1).

(b) Denote
sin?
a, = :
n

The power series can be written as

o0
Z a,x".
n=1
Note that |a,| < 1.
(i) Denote by R the radius of convergence of the series.
If 0 < a < 1, and |z| < a. Then comparing the series with the geometric
series > .~ a" we see that the given series converges. Hence R > a. This
istrue forany 0 < a < 1,s0 R > 1.
(i1)) When x = =1, the series is

. sin®n 1e=1—cos2n
2 TR T

n=1 n=1

The series )~ | - diverges.

By the Dirichlet test the series » .-, 2% converges. In fact, -

monotonically decreases to zero as n — oo. Recall that

m m m 2i\m+1 _ 2i

- : 2iyn _ (€7) ¢
E cos2n + i g sin 2n = E (e*) =T
n=1 n=1 n=1 e =

6z'(m-|-2) (eim _ e—im) 6i(m+2) sinm

el(et —e™?) el sinl-
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So for all m > 1 we have

2

m m .. 9
. sin“m 1
E cos2n| + E sin2n| < ——-— < ———.
sin“ 1 sin“ 1
n=1 n=1

By the Dirichlet Test, the series > % converges.

Hence the series » |~ % diverges. By the Abel theorem R < 1.

(ii1)) Combining (i) and (ii) we see that & = 1. The analysis in (ii) shows
that the set of convergence is (—1,1).

Question Q5

Show that the series of functions

Z (su;x)

n=1

uniformly converges on the closed interval [—7, c] for any given constant

0 < ¢ < F; but it does not uniformly converge on the interval [—7, 7).

272
Solution for QS5

(a) For any given 0 < ¢ < 7, we have 0 < sinc < 1. So the geometric

series > - (sinc)" converges. For all = € [—c, |, we have

’(sin z)" < (sinc)".

n
By the M-test, the series >~ % uniformly absolutely converges on
[_07 C] o

When z = —7, the series is

0o _1)
Z(n)

n=1

which converges by the Leibniz test.
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For —% < x < —c, the series is

3 (=] Si:;a:\)" -y (—;)"(| )"

. —_1)" . . .
The series Y~ , % converges, and the sequence | sin z|" is monotone in

n for v € (=%, —c| and is uniformly bounded. Then by the Abel test the
series
(=1)"

n

(|sinz|)"”

NE

1

ol S

uniformly converges on (—%, —cJ.

Combining the above we see that the series uniformly converges on

[—%,—C].

(b) Since the above conclusion is true for any ¢ € (0, 7), and it diverges at

x = 7, we conclude that the series converges on [—7, 7).
Now we show the series does not uniformly converge on [0, 7).

Take ¢y = }1. For any integer N > 0, take n > N and

T, = sin~' <2*%> € (0, g)

Then |
sin(x,)" = (27»)" = ok
Let m > N. Then
2m . 2m 1 2m
sin(zop, )" SR 11
— = > L = = — > — =gp.
Z n - Z n 2 n 4 “0
n=m+1 n=m+1 n=m+1

By the Cauchy criterion of uniform convergence of series of functions,

sin z)"™

we conclude that the series of functions )~ | ( does not uniformly

converge on [—7, 7).
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Let f(z,y) be a function defined on an open disc B with center Fy(x, yo)
and radius 2 > 0. Assume that

(a) f has second partial derivatives f..(%,vy), fuy(z,y), fyz(z,y) and
fyy(x,y) in B; and

(b) foy(x,y) = fyz(z,y) holds for all (z,y) € B.

Can you conclude that f is differentiable at Py(x¢,yo)? If your answer is
“Yes” then give a proof; if your answer is “No” then give a counterexample.
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Solution for Q6

Under the assumption we can not conclude f is differentiable at (x¢, yo).

Counterexample: Let

2242 .
flz,y) = e i (2,y) #(0,0),
’ 0 if (2,y) = (0,0).
f(z,y) is defined on R2.
We compute

2t —a3y2 .
floy) = | G H@9)#(0,0),

0 if (z,y) = (0,0).

chy—z2y3 .
filoy) = 4 G @y £ 0,0,
y\Ls 0 if (z,y) = (0,0).
fz(x,0) = 0 for all z, so
fwm(oa O) =0.

Hence

242 112204 6 .
oy = | @A @ #00),
rxr ) 0

f2(0,y) = 0 for all y, so
f24(0,0) = 0.

Hence

by — 4 RS () £ (0,0)
y\ T, 0 if (z,) = (0,0).
fy(x,0) = 0 for all z, so
fyx(070) = O

Hence

945 3,3 _ 905 .
by - | e @y £ 0.0)
Yxr\+s -
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Therefore
fey(®,y) = fye(z,y) holds for all (z,y) € R

f,(0,y) = 0 for all y, so
fyy(070> = 0.

Hence

26 11240242224 .
f (.’17 y) _ : (i;+yy2)—;—/22 g lf (x,y) 7& (070)7
e 0 if (z,) = (0,0).

So f satisfies conditions (a) and (b) on any disc centered at (0, 0).

Now we show f is not differentiable at (0, 0). Suppose f is differentiable
at Py(0,0). Since f(0,0) =0, f,(0,0) = 0 and f,(0,0) = 0, we have

flz,y) = ep(z,y),

where p(z,y) = /22 + y%, ¢ — 0 as p — 0. Hence for (z,y) # (0,0) we
have

22y?
L AL oD f 2,2 _ (.2 . 2\2
CEEEE =evx2+y? ie. zy  =e(z®+y°)".
Letting x = y > 0 we have

ot = £(22°)? = 4ex?,

SO
1=4¢—0

as (z,y) — (0,0), which is a contradiction. This shows f is not
differentiable at (0, 0).
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Question Q7

Let f be a continuous function defined on a bounded and closed interval

[a,b]. Prove that f has the least global maximum point on [a, b], namely
there exists o € [a, b] such that
(1) ac is a global maximum point of f; and

(2) if there exists another global maximum point ¢ € [a, b] then ¢ > a.

Solution for Q7

Let E be the set of all global maximum points on [a,b]. Since f is

continuous on a bounded and closed interval [a, b], so E # (), and

f(x) = M = max f

forall x € E.
Let
o =1inf F.

By the infimum and supremum theorem « exists. Obviously a < o < b.
Now we show that

(i) f(a) = M. So « is a maximum point of f on [a, b].

(i) If a < athen f(x) < M for all a < x < a. Therefore « is the least
global maximum point of f on [a, b].

Proof of (i). By the definition of infimum, for any integer n > 0, there
exists z, € E N [a,a+ 1). Then f(z,) = M. By continuity of f we have
fla) =lim, o f(z,) = M. So (i) is true.

Proof of (ii). Assume a < «. Since « is a lower bound of £/, we see that
[a,c) N E = (. Thatis, f(z) < M foralla < x < aif a < a. So «v is the

least global maximum point of f. So (ii) is true.
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Let Q be a bounded, open and path-connected set in R?, and f be a

continuous function on €, where Q denotes the closure of €. Recall that
Q=QUIN=0QUQ,

where 0f) denotes the boundary of (2, and (2’ denotes the set of
accumulating points of €. Denote

m = inf f(P), M = sup f(P).

PeQ) PeQ

Prove the following conclusions.

(a) There exist P;, P, € Q such that f(P,) = m and f(P;) = M.

(b) For any constant c satisfying m < ¢ < M, there exists a point P € (2
such that f(P) = c.
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Solution for Q8

Step 1. We show €2 is bounded.

Since (2 is bounded, there exists ® > 0 such that any P € () satisfies
dist(P, O) < R, where O is the origin.

If P € (Y, then there exists a sequence {P;} C € such that P; — P. Then

dist(P,0) = lim dist(Pj, 0) < R.
Jj—o0
This shows €)' is also bounded.

Step 2. We show that

inf f(P) = inf f(P),

PeQ Peq (1)
sup f(P) = suBf(P).
Peq PeQ

Since Q = Q U , we have

inf f(P)= inf f(P) :min{}iarelgf(P), inf f(P)}.

Pe PeQUQY PeqY

Now we show
inf f(P) > inf f(P).

PeQY — PeQ
Denote
m' = inf f(P).

Peqy

Take any £ > 0. By the definition of infimum, there exists P € ()’ such that
f(P)<m/ +e.

By the definition of accumulating points, there exists a sequence (); € §)
such that (); — P. Since g is continuous on ), we have

f(P) = lim f(Q;).

Jj—o0
Hence we can take (); such that
f(Q;) < f(P)+e<m'+ 2.

Thus

inf f(P) < (Qs) < +2e.
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Since ¢ is arbitrary, we have

: /
R IP) =

It follows that

min{}};f) f(P), inf f(P)} = inf f(P).

Peqy PecQ

So the first equality in (1) is proved.
The second equality in (1) is proved in a same manner.

Step 3. Denote

m = inf f(P), M = sup f(P).

PeQ PeQ

Let
m<c<M.

Case 1. ¢ = M. Since € is bounded and closed, and f is continuous on Q,
hence f achieves on ) the maximum value /.
Direct proof: Let

M = sup f(z,vy).
(z,y)EQ

By the inf-sup theorem M is well-defined (maybe infinity).

By the definition of supremum we can find a sequence of points { P} C €
such that f(FPy) — M as k — oc.

Since €2 is bounded, the sequence { Py} is bounded. Then there exists a
convergent subsequence P, and P, — 4. Since Q is closed, Py € .

Since f is continuous,
f(Ry) = lim f(F,) = M.
Jj—o0

Thus M is achieved, which shows M is finite, hence it 1s maximum value
of f on Q.

Case 2. ¢ = m. The reason is similar.

Now (a) is proved.
Step 4. Case 3. m < ¢ < M. From (2) we know that

m = inf f(P) <c <sup f(P) =M.

PeQ PeQ
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By the definition of infimum and supremum, we can take Fy, P, € ) such
that
m < f(R) <c< f(P) <M.

Since (2 is path-connected, there exists a continuous path y(¢) in §2, 0 <
t <1, such that v(0) = Py and 7(1) = P;.
Since f is continuous on 2 and 7(t) is continuous on [0, 1], so u(t) =

f(~(t)) is continuous on [0, 1]. Since

u(0) = f(7(0)) < e < f(y(1)) = u(1),

applying the intermediate value theorem to u(t) we conclude that there
exists to € (0, 1) such that
u(ty) = c.

Denote P;, = 7(to). Then P,, € Q and f(P,,) = c. Now (b) is proved.




