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Tutorial Exercises

Ex.1. Evaluate the integral

//R F(z,y)dA,

where

and R = [0,1] x [0, e].
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Tutorial Exercises

I fleas = [ [ sy
2/01 (/0 f(ac,y)dy—i-/éz:f(x,y)dy) da
[ ([ v [ o)
:/01dx/06 dyz/olexdx:e—l.

Solution.
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Tutorial Exercises

Ex.2. Evaluate the integral

// (e_’c2 + e”sinz)dzdy,
D

where D is the region enclosed by y =0, x =1 and y = z.
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Tutorial Exercises

Solution.
By the Fubini’s theorem, we have

1 b
// (e + ¢* sinx)dady = / (e + €®sin x)dm/ dy
D 0 0

1 1 1
1
:/ (e_g”2 + e” sinx)xdx :/ ze " dx + —/ 2xe” sin xdx
0 0 2 Jo

=——e — |ze®(sinx — cosx)| — e“(sinx — cos z)dx
2 0 2 0 0

1 N 1 1, 1

= (1 — E) + §e(sml —cosl) — 5(—6 cos x)‘o

1 1 I 1 e?sinl — 1

—§<—g)+56(81n1—c051)+§(ecosl—1)—T.
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Tutorial Exercises

Solution.
Here we used the fact

/em(sinx —cosz)dr = /ez sin zdx — /em cos zdx
= / e’ sin xdx — (ew cosx — /em(— sin m)d:ﬁ) = —e"cosz + C.
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Tutorial Exercises

Remark.
The other iterated integral,

1 1
/ dy/ (e_””2 + e*sinx)dx,
0 y

is hard to calculate directly.
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Tutorial Exercises

Ex.3. Evaluate the integral

// © oy ———dud
D \/az+y+ v
where D = {(z,y) : |z| + |y| < 1}.
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Tutorial Exercises

Solution.

In the zy-plane, the region is

D={(z,y): |e|+yl <1}

For the transformation

u(z,y) =z +y, v(zy =z-—y,

we have
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Tutorial Exercises

Solution.
and the region corresponding to D in the uwv-plane is

G={(u,v): —-1<u<l, —-1<v<I1}

Since the substitution transformation is one-to-one with continuous
first partial derivatives, it has an inverse transformation and there are
equations u = a(z,y), v = f(x,y) with continuous first partial
derivatives transforming R back into G. Moreover, the Jacobian

determinants of the transformations are related reciprocally by

Aa,y) _ (8(u,v>)1_ (10)
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Tutorial Exercises

Solution.
From (10), we have

Thus, we have

// it A —// | J|dudv
pDVT+y+3 V= aVvu+3

1

/1/1—“” dud 1/1—“ d/ dv =0
— udv = — U vav = u.
—1J-=1 2\/U+3 2 -1 \/U+3 -1
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Tutorial Exercises

Solution.
Another Solution.

Note that D = {(z,y) : |z| + |y| < 1}, and
2 Y2
//]; \/dexdy = //D ﬁdydw.
Thus, we have

2 _ .2 2 2
// udxdy = // m—dmdy—// y—dydm = 0.
e pVETUES Ve

O]

v
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Midterm Solutions
Question 1 (35 marks). Let C be a curve given by
r=acost, y=uasint, z=0bt, teR,

where a, b are positive constants.
(a) Find the unit tangent vector T, the principal normal vector N, and
the curvature k of the curve C for any ¢.

(b) Evaluate the integral

/ () x N(t)dt.
0
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Midterm Solutions

Solution.
(a) The curve C' can be represented by

r(t) = acosti+ asintj + btk.
Hence, we have

r'(t) = —asinti + acostj + bk,
' (t)] = Va2sin?t + a2 cos? t + b2 = Va2 + b2.
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Midterm Solutions

Solution.
Thus, /
T = |;Eg| = \/a;ﬁ(—asinti—i-acostj + bk),
dT 1 ) ..
e \/Cﬂ:_i_bz(—acostl — asintj),
dT| a
%‘ IRCE
dT
= ‘j?;‘ = —costi — sin tj,
t
MY O O R B
5 TR TWOl VaiR @+P
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Midterm Solutions

Proof.
(b)
) i i k
T(t) x N(t) = N —asint acost b
—cost —sint 0

1
=————(bsinti — bcostj + ak),

™ 1 ™
T(t) x N(t)dt = ——= bsinti — bcostj + ak)dt
| o <N = [ j+ ak)

1 . e t=m
:a2—+b2(—b005 ti —bsintj + atk)‘tzo

O]

A;

= =y
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Midterm Solutions

Question 2 (20 marks). Let

=7, (z,y) #(0,0),

0, (z,y) = (0,0).

Examine continuity of f(x,y) at (0,0) and prove your conclusion.
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Midterm Solutions

Solution.

The function is not continuous at (0,0). In fact the limit

asyz

lim ———
(2.y)—(0,0) £2 + y*
does not exist.

To prove, take k > 0 and consider the limit along the curve z = ky?.

Then
. xyz . ky4 k
im —2— = lim =
@00, 22 +yt  a=0 K2yt oyt K241
z=ky

which depends on k. Thus the limit does not exist, so the function is

not continuous at (0, 0). O

v
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Midterm Solutions
Question 3 (40 marks). Let
3
VEL it o —y,

fla,y) =4 Verw
0 if £ = —y.

(a) Find §£(0,0) and §2(0,0).
(b) Find the directional derivative of f(x,y) at P(0,0) along the
direction u = (a, 3), where a? + 32 = 1.

(c) Examine the differentiability of f(z,y) at P(0,0) and prove your

conclusion.
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Midterm Solutions

Solution.
(a) If z # 0,
ol pA/3
f(iL‘,O) = % = .%'1/3 =
of .
Ify #0,
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Midterm Solutions

Solution.
(b) Note that £(0,0) = 0. Let u = ai + 3j, where o + 32 = 1.
If a # —f, then as # —(s for any s > 0.

af (0 0) T f(O[S, 58)8_ f(oa 0)

ou s—0+
N COLE D ot I ke
s—>0+8\/_+\/_ C Ya+ B Ya+ VB
In the last equality, since o + 82 =1,
ol — B = (a2 — B2)(a? + §?) = a® — B2.
If « = —p3, then as = —fs for any s > 0, f(as,fs) =0, so
95(0,0) = 0.
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Midterm Solutions

Solution.
(c) The function f is not differentiable at P(0,0). Otherwise we have,

for u = od + Bj with o? + 2 =1,

of

52(0.0) = VF(0,0) - u= (1,1 (@) =a .

This is not true if a = —f.

Direct proof. Suppose f is differentiable at P(0,0), then
f(x,y) - f(0,0) - fz(0,0)a: - fy(07 O)y = 0(/))

as p — 0, where p = /22 + y2. So

f(x,y) =z +y=o(p).
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Midterm Solutions

Solution.
However, along x = 2t, y = t, t > 0, we have
Fog) = F2t.0) V16tt — ¢4 ¥15t4/3 V15 .
:L" = s _= = _= s
Y Vat+ vt (V2+ D3 Y241
/15
z,y)—x+y=f(2,t) —2t+t=f(2,t) —t=(=———— 1)t
flay) —z+y = f2t F@A1) ~t = (g2 =)
p=1/x2+y2 =42 + 2 = /5t
Since v VT
15 15
f@y) -ty _(gra -V (G551
P Vbt V5
which does not tend to zero as t — 0T, we reach a contradiction. Thus,
f is not differentiable at (0,0). O

4
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Midterm Solutions

Question 4 (15 marks). Let f(z,y) be a continuous function defined

on the plane and assume

lim  f(x,y) = —oc.
|z[+y|—o0

Prove that f attains its maximum value.
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Midterm Solutions

Solution.

Since lim|z| 4 |y| o0 f(¥,y) = —00, there exists R > 0 such that
f(z,y) < f(0,0)
if |z| + |y| > R. The set
D = {(z,y) € R?: |z] + |y| < R}

is a bounded and closed set. Let

M= sup f(z,y).
(z,y)€ED

Then f(0,0) < M, hence for any (z,y) € D we have f(z,y) < M.

v
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Midterm Solutions

Solution.
Hence

M= sup f(z,y).
(z,y)ER?

By the definition of supremum, there exists (x,,y,) € D such that
f(zn,yn) = M. Since D is bounded, so {(xy,yn)} is bounded, hence

there exists a subsequence {(2n;,¥n,;)} — (z0,%0). Since f is

continuous,
f(l‘anO) = hm f(xnjaynj) =M.
j—o0
Thus f achieves the maximum at (zg, yo). O
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Midterm Solutions

Question 5 (25 marks). Find the set of convergence of the series

o
n(1
Z +nz) (sinz)", x>0,

n=1
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Midterm Solutions

Solution.
The set of convergence is

D={x>0:x#2kn+ g for any integer k£ > 0}
> s
=[0,00) \ | J{2k7 + 5}.
k=0

The series converges at z = 0.
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Midterm Solutions

Solution.

Let > 0. Denote u,(x) = M(sin x)"™. Note that

i
In(1+ (n+1)z) =In((1 + nz) + z) = In[(1 + nx)l + T m:]
i
=In(1+ nz) + In(1 + T nx)
wnp1 () _ W(sin@”“ _ sinxln(l +nz) +In(1+ %5
un () w(sin z)n n+1 In(1 + nz)
= i sinz[1 + In(1 + 1fm)] — sinz

+1 In(1 + nx)
as n — oo. By the ratio test the series converges if | sin x| < 1, namely

if x >0, x # kr + § for any integer k > 0.

.
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Midterm Solutions

Solution.

M > = 1 for large n.

If x = 2km + %, then sinx = 1, then u,(z) =
By comparison test the series diverges.

If x = (2k + 1)7 + 5, then sinz = —1, the series is

I

i 1+nac)

which is an alternating series. We show the sequence a,, = ln(l%@

decreases to zero as n — oo. )

(CUHK(SZ)) MAT1012 April 8, 2024 31 /54



Midterm Solutions

Solution.
Fix > 0 and consider the function

In(1 + xt)

g(t) = -

1 tx
!
= —
90 =505

—In(1+at)) <0

because
xt

1+t

for 2t > 0. Hence a,, = g(n) is decreasing in n. Obviously a,, — 0 as

In(1 4+ wt) >

n — oo. By Lebnitz test we conclude that > o> ;(—1)"a,, converges. [

v
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Midterm Solutions

Question 6 (20 marks). Let {a,} be a sequence of positive numbers.
Assume there exists p > 0 such that

lim —n)
60 In(Inn) P ()

(a) Prove that if p > 1 then the series Y ;2 5 a, converges, and if
0 < p < 1then > >, a, diverges.

(b) Can you conclude the series converges or diverges if p = 1?7 Give

your reason.
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Midterm Solutions

Solution.

(a) From (%), for any 0 < & < p, there exists N such that for any

n >N,

In(nay,)
Inlnn

p—e< — <p-+te,

In((Inn)?~°) = (p— &) Inlnn < —In(na,) < (p+¢)Inlnn = In((Inn)P*+*

— In((Inn)?*¢) < In(na,) < —In((Inn)?—°),
1
In W < ln(nan) <In
1 < < 1
(Inn)p+e Hin (lnn)p—e’
1 1
n(lnn)pte SO n(lnn)p—¢

(Inn)p—e’
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Midterm Solutions

Solution.

If p > 1, we take £ > 0 such that p — e > 1. Since the series

TN W converges and 0 < a, < W, we conclude that
Yoo\ G CONVErges.
If p < 1, we take £ > 0 such that p + & < 1. Since the series

o] 1 : 1 o]
b S diverges and a,, > AmnypFer We conclude that Y72 y ap

diverges.
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Midterm Solutions

Solution.
(b) No. Let
1
= 0.
i n(Inn)(Inlnn)?’ e
In(na,) = —In[(Inn)(Inlnn)’] = —Inlnn — glnlnlnn,
In(nay,) Inlnlnn
S T L
Inlnn Inlnn

The series Y .2y ap, converges if ¢ > 1 and diverges if 0 < ¢ < 1.

O]

V.
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Midterm Solutions

Question 7 (20 marks). Let >7° ; u,(x) be a series of functions and
Yoo anx™ be a power series. Assume there exists a positive number ¢

such that the following conditions hold:

(1) Every u,(z) is continuously differentiable on [0, ¢].

(2)

(3) |ul(z)] < napa™ ! for all € (0,¢) and n > 1.
)

(4

Prove the following conclusions:

|un ()] < apc™ for all z € [0,¢] and n > 1.

The series Y o2 anx™ converges at x = c.

(a) 302 up(x) converges uniformly on the interval [0, ¢].
(b) Let f(x) = > neq un(x). Then f is continuously differentiable in

the open interval (0, c).
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Midterm Solutions

Solution.

By condition (4) the power series converges at x = ¢, hence it
converges uniformly on [0, ¢| (see Exercise 4.3.8). From this and
condition (2), we can use the M-test to conclude that the series

Yo% up(x) converges uniformly on [0, c|.

From (4) the radius of converges of the power series R > ¢. Hence the
radius of convergence of 3% | na,z" ! is also R, thus it converges for
|z| < c. Let g € (0,¢). For any |zg| < b < c the series >.0° | na,b" !

converges. From (3), for all z € (0,b] we have

lul (x)| < napz™ ! < na,b" L.

V.
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Midterm Solutions

Solution.
By the M-test we see that >°° ; u/, (x) converges uniformly on (0, b],

hence we can differentiate the power series to get
o0
Fla) =3 up(z)
n=1

for x € (0,b]. Since this power series converges uniformly on (0, b] and
each u) (z) is continuous in (0,b] we see that f’(z) is continuous on
(0,b], in particular f/(x) is continuous at xg. This is true for any

z € (0,c¢), so we conclude that f’ is continuous on (0, c). O
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Midterm Solutions

Question 8 (25 marks). Let f(x,y) be a function defined on an open
disc B(xo, yo, R) with center Py(x,yp) and radius R > 0.
(a) Prove that if f is differentiable at Py(xq,yo), then the following

conclusions hold:

(al) For any unit vector u = uji + usj, and for any smooth curve

{x:x(t), y=yt), —-1<t<l,
2(0) =20, y(0) =yo, 2'(0)=wu1, ¥(0)=us,

it holds that (%)+ f(:c(t),y(t))‘tzo = 3L (20, 0), (2)
where %(mo, yo) denotes the directional derivative of f at
Py(x0,y0) along the direction u.

(a2) %(xo, Yo) is continuous in u.
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Midterm Solutions

(b) Assume f has directional derivative g—fi(xo, yo) for all unit vector u,

and assume %(azo, Yo) is continuous in u.

(b1) Can you conclude that f is differentiable at Py(xo,y0)?

(b2) Can you conclude that the equality (2) still holds true?

For each of (bl) and (b2), if your answer is “YES” then give a proof; if

your answer is "NO” then give a counterexample.
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Midterm Solutions

Solution.
(al) Assume f is differentiable at (zg, o), there exists 6 > 0 such that

f(x,y) =f(w0,90) + fa(z0,y0)(® — 20) + fy(20,%0) (¥ — ¥0)
+e1(z — o) +€2(y — o)

(3)

whenever |z — zg|2 + |y — yo|? < 62, where 1,2 — 0 as both

T — xo,y —yo — 0.
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Midterm Solutions

Solution.
For any unit vector u = u1i + ugj, and any smooth curve satisfying (1),

we have
z(t) = o +urt +o(t), y(t) = yo + uat + oft).
Plugging x = z(t) and y = y(¢) into (3) we get

f(a(t), y(t)) — f(@o,y0)
=fz(20,yo)[urt + o(t)] + fy(zo, yo)[uat + o(t)]
+e1(x(t) — zo) + e2(y(t) — vo)
=[fa(@o, yo)ur + fy(zo, yo)ualt + o(t) + e1(2(t) — zo) + €2(y(t) — o).

v
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Midterm Solutions

Solution.
Hence

(i) () y(t))‘ = lim f(=(@),y(t) — f(z0,yo)
dt/ + 2

t=0 =0+ t
= tim {[£o(z0, y0)ur + fy (20, yo)uz]

o(t) + e1(xz(t) — x0) + e2(y(t) — o)
+ t() Yy 0 }

=fa(x0, yo)u1 + fy(zo, yo)uz

=V f(zo,90) - u = g—ﬁ(ﬂco,yo)-
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Midterm Solutions

Solution.
Here we used the fact that as ¢t — 0T,

Ax =xz(t) —xog — 0, Ay=y(t) —yo—0,

hence ¢; — 0 and €5 — 0. We also used the fact that since f is
differentiable at (zg,yo), the directional derivative g—é(wo, Yo) exists and
it is equal to V f(x0, yo) - u. Therefore the directional derivative exists
and (2) holds.
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Midterm Solutions

Solution.
(a2) Since f is differentiable at (xg,yo), for any unit vector u we have

g—ﬁ(xo,yo) =V f(xo,y0) - u.

If u; = aji + B;j are unit vectors, then

a—ul(u’ﬂo,yo) - aa—li;(ﬁo,yoﬂ = [V f(z0,50) - w1 — V f(20, y0) - u2|
=|Vf(z0,y0) - (w1 — u2)| = | fz(20,v0) (1 — a2) + fy(z0,y0)(B1 — B2)|
</ Fa(@0,%0)2 + £y (0, y0)2y/ (01 — a2)2 + (B — B)?
=|Vf(zo0,y0)|[u1 — ual.
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Midterm Solutions

Solution.
Thus for any € > 0, if u;, us are unit vectors and

€
u; —u| < )
w1 = | 1+ |V f(zo0, o)l
then of of
6—111(150,1/0) - a—m(wo,yoﬂ <e.

Thus %(mo,yo) is continuous in u.
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Midterm Solutions

Solution.

(b) Assume f has directional derivative %E(xo, yo) for all unit vector u
and %(mo, Yyo) is continuous in u, we can not conclude f is
differentiable at Py(zo,yo), we can not conclude (2) holds.

(b1) We can not conclude f is differentiable at Py(zg, yo).

Counterexample:

V£(0,0) = (0,0).

(CUHK(SZ)) MAT1012 April 8, 2024 48 / 54



Midterm Solutions

Solution.

For any unit vector u = (a, 8),

of

flat, Bt) = o?Bt, —=

ou

(0,0) = o*8,

which is continuous in («, /3), hence continuous in u. Hence the

directional derivative exists for any unit vector u and is continuous in

u.

But f is not differentiable at Py(0,0).
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Midterm Solutions

Solution.
To prove, suppose f is differentiable at Py(0,0). Since

£(0,0) = £2(0,0) = f,(0,0) = 0, we have, for (x,y) # (0,0),

.’E2y

o f(z,y) = e1z + €2y,

where 1,69 — 0 as (z,y) — (0,0). Take y = . We have
x = (e1+e2)zx,

1 =¢1 + &g,

which is a contradiction.
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Midterm Solutions

Solution.
Other counterexample:

1, O<y< z2,
flz,y) =

0, otherwise.
At Py = (0,0), f has directional derivative in any direction u and for
any u
of

Hence %5(0, 0) is continuous in u. See PPT-Lecture 21, Example 5.4.15

(c). f is not continuous at Fy, hence f is not differentiable at Py.
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Midterm Solutions

Solution.
(b2) We can not conclude (2) holds. Counterexample:

r+y, 0<y<z?
flz,y) =

0, otherwise.

Given any unit vector u = u1i + uoj, the line segment z = u;t and

y = ust does not lie in the region 0 < y < x2 for small ¢ > 0, so
f(uit, ugt) =0

for small ¢ > 0. Hence we have again %(0, 0) = 0. Thus %(O, 0) exists

for any unit u and is continuous in u.

= =) = = = 2w
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Midterm Solutions

Solution.
In particular if u = i, then g—iu((), 0) =0.

However is we choose the curve
:C(t) =t, y(t) = t37 —1<t<1,

then z(0) = 0, y(0) = 0. 2/(0) =1, ¥/(0) = 0, hence the curve has
tangent vector u =i at t = 0. However the curve satisfies

0<y(t) <az?(t) forall 0 <t <1.
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Midterm Solutions

Solution.
Hence

Fa(t),y(t) = 2(t) +y(t) =t + £,
Hence

d

0<t<l1.

of

() f@@.®)| _ = (F)] _ ¢+ =1 70,0

u
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