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Question Points | Score
True or False 15
The Simplex Method 21
Duality and Optimality Conditions 18
Sensitivity Analysis 22
Sparse Robust Regression 12
Duality Theory 12
Total: 100

Please write down your name and student ID on the answer paper.

Please justify your answers except Question 1.

The exam time is 90 minutes.

Even if you are not able to answer all parts of a question, write down the part you
know. You will get corresponding credits to that part.
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Question 1 [15 points]: True or False
State whether each of the following statements is True or False. For each part, only your answer, which
should be one of True or False, will be graded. Explanations are not required and will not be read.

(a) [3 points] The optimal solution to an optimization problem may not be unique and the optimal
value may also not be unique.

(b) [3 points] If two different basic feasible solutions (BFS) are optimal, then they may not correspond
to the adjacent vertices of the feasible region.

(c) [3 points] When we apply simplex method for solving an LP in standard form, if the current up-
date y = x + d cannot decrease the function value, it then means that z is already optimal.

(d) [3 points] It is impossible that the primal-dual LP pairs can be unbounded simultaneously.

(e) [3 points] Even if the primal LP has a unique solution, the solution to its dual problem may not be
unique.

Question 2 [21 points]: The Simplex Method

Consider the following linear programming problem

maximize 2z + To — 2r3 — T4
r1,T2,T3,T4

subject to T1 — To + 2x3 > 2
To — X3 + 214 <4
2x1 +3x3 — x4 =2

T1,To, T3, T4 >0

(a) [4 points] Derive the standard form.

Solution:

minimize —2x7 — 29 + 223 + 24

subjectto 1 — @2 + 223 — 51 =y
To — T3 + 224 + So =4
2x1 + 3x3 — x4 =2

L1,L2,T3,T4,S1,S2 ZO

(b) [10 points] Finding an initial BFS by Phase I of the two-phase simplex method. Justify each of your
steps.

(c) [7 points] Solve the linear programming problem in standard form obtained in part (a) using the
simplex method with the initial BFS got from the part (b). What is the optimal value to the original
problem?
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Question 3 [18 points]: Duality and Optimality Conditions

Consider the following linear programming problem

maximize x; + 2x9 — 2x3 — 314
T1,T2,T3,T4

subject to T — X2+ T3 >2
2@y — x3 + T4 <4

2x1 + 3x3 — 14 =1

T1,%2,T3,T4 >0

(a) [8 points] Derive the associated dual problem.

(b) [10 points] Show that y = (—5,0, 3) is an optimal solution to the dual problem.

Question 4 [22 points]: Sensitivity Analysis

Consider the following linear program:

maximize b5xr; + 10z

subjectto x; + 3z2 < 50
4(E1 + 2%2 S 60

Ty S 5

1, ZTo, Z 0.

The following table gives the final simplex tableau when solving the standard form of the above prob-
lem:

—
(e

Bl[0o 0 & 0 2 [175
210 1 3 0 —3[15
410 0 -2 1 -] 10
110 0 0 1 |5

(@) [3 points] What is the optimal solution and the optimal value?

(b) [6 points] In what range can we change the coefficient of the first constraint b, = 50 (the one
appearing in the constraint z; + 3z2 < 50) so that the current optimal basis still remains optimal?

(c) [7 points] If we change b; = 50 to b; = 60, what will be the new optimal primal and dual solutions?
What will be the new optimal value?

(d) [6 points] In what range can we change the objective coefficient ¢, = 10 so that the current optimal
basis still remains optimal?

Question 5 [12 points]: Sparse Robust Regression
In machine learning, we often want to do data fitting, which is also known as regression. Given m data
points (a;, b;), where a; € R™ and b; € Rfori = 1,...,m. We often apply a linear relationship between
a; and b;, i.e.,
bi%aiTm—&—t—Fei, Vi=1,...,m,

where € R" and ¢ € R are the parameters of the linear relationship. Our goal then is to determine the
parameters z € R” and ¢ € R in this linear relationship that best fits the data. To measure the goodness
of the fit, we can try to minimize some sort of error measure. One important candidate error measure
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for the i-th measurement is the absolute residual error, for example, the absolute residual error between
two scalars y € R, z € R is given by

ly — 2|
In addition, we often need the parameter x € R" to possesses certain sparsity structure in practice, and
one possibility is to impose
n
D lal <A
j=1

for some positive parameter A > 0.

(@) [5 points] Formulating an optimization problem for determining the parameters « € R” and t € R
that provides the smallest summation of absolute residual errors over all m data points as well
x possesses the sparsity structure. What is the type of this optimization problem (constrained vs
unconstrained, continuous vs discrete)?

(b) [7 points] Transform the formulated optimization problem in part (a) to an equivalent linear pro-
gramming problem.

Question 6 [12 points]: Duality Theory

Consider the following LP

minimize ¢’z
€T

subject to Az = b, (P)
xz > 0.
Suppose that (P) is feasible. In general, (P) need not be strictly feasible, i.e., there may not exist an

Z € R™ such that Az = band Z > 0. Now, consider the following LP,

minimize ¢’z + Kt
x,t

subject to Az + (b — Ae)t = b, )
z>0,t>0.
Here, K > 0 is a penalty parameter, and e = (1,1,...,1) € R" is the vector of all ones.

(a) [2 points] Find a strictly feasible solution to problem (P’).

(b) [10 points] Show that there exists a Ky > 0 such thatif KX > Ky and z* € R" is an optimal solution
to (P), then (z*,0) € R™ x R is an optimal solution to (P’).
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