MAT?2060: Honours Mathematical Analysis
Assignment 10

Deadline: Dec. 17

1. Find the area of the domain enclosed by the lemniscate
(@* + ) = a2 —y%), a>0

Hint. 1) Area of the region enclosed by the simple closed curve C' is given by

1
i/oxdy — ydx.

2) Use the symmetry to reduce the problem to the first quadrant, and find a parametrization
of C' using the polar coordinates.

2. Consider the linear differential form
I ydr — xdy
x? 4+ y?
(i) Verify that L satisfies the integrability condition for D = R?\ {(0,0)}. Why this does

not necessarily imply that L is exact in D?
(ii) Let C' be a simple smooth curve from (1,0) to (0,2) that lies entirely in the first

quadrant (except for the initial and final points). Evaluate the line integral [ L.
c

3. (i) Evaluate the integral

Y
/C ﬁzﬁ[(x sinx + ycosx)dx + (ysinz — x cos z)dy],

where C'is the unit circle 22 + > = 1 with positive orientation.
(ii) Show that
2w
/ "% cos(rsin 0)df = 2.
0

4. Let C' be a smooth Jordan curve with positive orientation. Evaluate the Gauss integral

/ cos('r,n)ds’
C r

where n is the unit outward normal vector at point (£,7n) € C, r is the vector (§ —z,n—y)
with (z,y) ¢ C, r is the length ||7||, and (r,n) denotes the angle between r and n.
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5. Suppose D is a bounded closed region in R? with boundary being a smooth Jordan curve.
Assume u is C? in the interior of D and C' in D, w is nonconstant and u = 0 on the boundary

0D. Show that
o [ (2 <
B Du ox?  Oy? ‘

ou ou
—u—d —dy.
/8[) u@y x—i—uax Y

Hint. Consider the integral

6. For a continuous function f(z), show that

1

flax + by + cz)dxdydz = 7r/ (1 —u®)f(Va2+ b2 + 2 u)du
-1
z2+4y2+422<1

7 (Surface of revolution). Let C': (x(t),y(t)), a <t < b and consider the surface by rotating
C about the y-axis. Show the area of the surface of revolution is given by

o / ()| 02 -y ()t

[ 1@.v.21as

T+y+z=t

8. Evaluate

where
1—22—9*—22 when2?+9y?+22<1
0 when 2% + ¢ + 22 > 1.

f(l‘,y,Z):{

9 (Green’s identities). Let Q2 C R? be a bounded closed region with boundary 9 being a
smooth surface. Assume u € C?*(Q2) and v € C(Q).

///Q('UAU + Vv - Vu)dV = //dQ v(Vu-n)ds,

where Au = Uy, + uyy + u,,, Vu is the gradient of u, and m is the outward normal
direction of the boundary 0f2.

(i) Show that

(ii) If both w and v are C? in , show that

///Q(UAU — uAv)dV = //BQ <ug—z _ ug—z) ds,

9u — 7y - m is the directional derivative of u along n.

where 5

(iii) If w is a harmonic function, that is it is a solution of the Laplace equation Au = 0.

Show that 9
U
—dS =0.
/ /asz on
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10. Assume X is a closed smooth surface, v is an arbitrary direction. Show that

//n-vdS:O,
2

where n is the outward normal direction.

11. Assume Q C R? is a bounded domain and its surface 02 is smooth, and the point
(0, Yo, 20) ¢ Q. Let

T — Lo, Y — Yo, 2 — 2
r:( 0,Y = Yo 0), r=/(x—x0)2+ (y — )2 + (2 — 20)%

r
2///dmdydz:// r-ndS,
Q r 0

where n is outward surface normal.

Show that

12. Let X denote a simple closed smooth surface and let n denote its outward surface normal.

(i) Assume F' is a twice continuously differentiable vector field. Show that
div(curlF') =0

and that

(*) / /2 curlF - n.dS = 0.

(ii) Assume F' is only continuously differentiable. Show that (x) still holds.
Hint. Make use of Stokes’ theorem.

— End —



